Binomial Trees: Additional Notes
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We have seen that, using the hedging (delta-hedging, no-arbitrage)
argument we obtain:

f = Sol — (Soulr — f,)e™"T
where

fu - fd

A= Sou—Sod

So, we can now try to rearrange the terms to see what is f today
as a function of its own price one period later (7, fy).
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If we substitute we get:

fu — fd U(fu — fd)

f = =
u—d ( u—d

= fu)e_rT

f—e (e rhu—Tfa ufu—ufd—ufu—i-dfu)
u—d u—d
erT_d u_erT
f=e"T(f, f
e ( u—d +du—d)
Calllngp— d we get

f=e T (f,p+ fy(1 - p))
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Matching volatility

Choosing u and d have to do with the distribution of S.
Suppose that the time step is At.

The distribution of Sas in a binomial tree is...binomial.
It takes the values:

@ Sou with probability p*.
@ Sod with probability 1 — p*.

Binomial Trees: Additional Notes



Matching volatility

The continuous compounded return is:

Sar = Spetit

In the binomial tree
p*Sou + (1 = p*)S()d = Soe”At

elAt_d

*
From the we can get p* = =
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Matching volatility

Remember: the volatility is defined as the standard deviation of
the (cont) returns.

Question: If o7 is the volatility in year 1 and o5 is the volatility in

year 2. What is the volatility for the whole period? (years 1 and 2
together).

In(S2/S0) = In(S2/S1 % S1/S50) = In(S2/51) + In(S1/S0)

The returns corresponding to years 1 and 2 are independent.
If X, Y are independent random variables then

Var(X + Y) = Var(X)+ Var(Y).
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Matching volatility

Then:

2 _ 2, 2
0142 = 01 + 03

Now, if 61 = o2 then 0142 = V20,

So, assuming independence of returns in non-overlapping periods
we get that the volatility scales with the square root of time.

Note: The volatility is always quoted in annualized terms, so when

using it for a period different from 1 year we need to account for
the time difference. (This is just like with interest rates)
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Matching volatility

The, going back to our binomial tree, if the volatility is assumed to
be o then the volatility in 1 period (length is At) will be

stdev In(Sa:/So) = oV At

What is the variance in terms of the tree?

pru? 4 (1 —p*)d? — (p*u+ (1 — p*)d)? = oAt
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Matching volatility

Together with

p*Sou + (1 = p*)SOd = Soe“At

(which we found before) we have two equations to find v and d.
However, as we see, p* representing the real world probabilities
enters into the equations. As we know, p* is irrelevant to price
options. All this analysis can be done using p instead of p* (or,
which is saying the same thing: in the risk neutral world instead of
the real world).

In which case, from that first equation, we obtain:

erAt —d

PZﬁ

So, all in all, we have 2 equations to find 3 parameters p, u, d.
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Remark

Notice that the fact that we know that

erAt —d
u—d
says that for any Sp we can multiply through to get:

p:

pSou + (1 = p)Sod = SoerAt

In other words, the expected return in the risk-neutral world is the
risk-free rate.
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Matching volatility

We nee dot fix one more condition. There are two popular choices
for this:

e p=1/2
ou=1/d
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Matching volatility: Case u=1/d

Remember the two equations:

pu+ (1 —p)d = et

pu? 4+ (1 — p)d? — (pu + (1 — p)d)? = oAt
Using the formula for p given by the first equation and replacing
into the second one we get:
e"Bt(u+d) — ud — e*At = 52 At

Now, using Taylor's approximation:e* = 1 + x + x?/2 + .... and
ignoring the terms containing powers of At higher than 1 we can
see that u = e”VAH(2 1 + g/At + 1/202At) is a solution.
Then d = e—7VAt,
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Matching volatility: Case p =1/2

In this case u and d are different:

U= e(r—az/Z)At-‘,-O'\/ At

d= e(r—JZ/Z)At—a\/E
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